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^ , 1. Introduction 
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en ' In the present work we investigate the Feynmam-de Broglie-Bohm propagator for a 

semicassical formulation of the Gross-Pitaevskii equation with the potencial V{x, t) given 
by: 



V{x, t) = \m u\t) , (1.1) 



^ . which is the time dependent harmonic oscillator potential. 

I 2. Gross-Pitaeviskii Equation 

Em 1961[1,2], E. P. Gross and, independently, L. P. Pitaevskii proposed a non-linear 
Schrodinger equation to represent time dependent physical systems, given by: 

i n = - ^ '^W^ + \ m uj\t) x" ^(x, t) + ^1 ^(x, t) f ^(x, t) , (2.1) 

where '^[x^ t) is a wavefunction and is a constant. 

Writting the wavefunction ^(x, t) in the polar form, defined by the Madelung-Bohm 
transformation[3,4], we get: 
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^(x, t) = t) e' , (2.2) 

where ,t) is the classical action and (p{x, t) will be defined in what follows. 

Substituting Eq.(2.2) into Eq.(2.1) and taking the real and imaginary parts of the 
resulting equation, we get [5]: 

t + = ' (2-3) 

n% + \ m v^t) + \ m u\t) + V^u + V^p = , (2.4) 
^ + u^\t) a; = - ^ A (y^„ + Vop) , (2.5) 

where: 

p{x, t) = 4P'{x, t) , (2.6) (quantum mass density) 
Vqu{.x, = ^ ' (2-7) (quantum velocity) 

Vqu{x, t) = - ^^^^ = - , (2.8a,b) (Bohm quantum potential) 

and 

Vgp — 9 P ■ (2.9) (Gross-Pitaevskn potential) 
3. Feynman Propagator 

In 1948 [6], R. P. Feynman formulated the following principle of minimum action for 
the quantum mechanics: 

The transition amplitude between the states \ a > and \ b > of a quantum-m,eehanieal 
system is given by the sum of the elementary contributions, one for each trajectory passing 
by \ a > at the time ta and by \ b > at the time t^. Each one of these contributions have 
the same modulus, but its phase is the classical action for each trajectory. 

This principle is represented by the following expression known as the "Feynman 
propagator" : 



K{b, a) = Scdb, a) ^ ^ (3_i) 



with: 
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Sce{b, a) = III L {x, x, t) dt , (3.2) 

where L{x, x, t) is the Lagrangean and D x{t) is the Feynman's Measurement. It indicates 
that we must perform the integration taking into account all the ways connecting the states 
I a > and | b >. 

Note that the integral which defines K{b, a) is called "path integral" or "Feynman 
integral" and that the Schrodinger wavefunction ^(x, t) of any physical system is deter- 
mined using the expression (we indicate the initial position and initial time by Xo and to, 
respectively) [7] : 

*(x, t) = /+ ~ K(x, Xo, t, to) ^(xo, to) dxo , (3.3) 
with the quantum causality condition: 

lim K{x, Xo, t, to) — S{x — Xo) ■ (3.4) 



4. Calculation of the Feynman-de Broghe-Bohm Propagator for a semiclassical for- 
mulation of the Gross-Pitaeviskii equation 

The wavefunction ip{x, t) for the non-linear Gross-Pitaeviskii is given by [8]: 



*(a;, t) = [tt a{t)]- exp 



( ^ - ) - 



X 



X exp 



[x - q(t)] + i^^oxo 



X 



X exp 



Uidt'l lm eit') - \ m u\t') q\t') - - g p{x, t') 



(4.1) 



where: 



q + u\t) q = 0, (4.2) 



^{t) _ '^{tf I , ,(+\2 I 2 g p{x, t) _ (A o\ 

2 o-(t) 4 a^it) '^V''^ „, „(f^ — rn? ^^(t) ' V^-^J 



p{x, t) = [TT a{t)]- V2 e- ( 1 + ). (4.4) 



with the following initial conditions are obeyed: 

g(0) = Xo , q{0) = Vo , a{0) = , &{0) = bo , (4.5a-d) 
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Therefore, considering (4.1), the looked for Feynman-de Broghe-Bohm propagator 
will be calculated using the expression (3.3), in which we will put with no loss of generality, 
to = 0. 

Thus: 

*(x, t) = /I ^ K{x, Xo, t) ^{xo, 0) dxo . (4.6) 
Initially let us define the normalized quantity: 

^Vo, X, t) = (2 TT a2)V4 ^(^^, t) , (4.7) 
which satisfies the following completeness relation [9] : 

J+ ~ dvo <^>*{vo, X, t) ^Vo, x', t) = 6{x - x') . (4.8) 

Considering the eqs. (2.2), (2.6) and (4.7), we get: 

^*{Vo, X, t) *(Vo, X, t) = 

= (2 TT a2)V4 ^*(^;^, t) ^{vo, X, t) = (2 TT a2)V4 t) ^ 

p{vo, X, t) = {2n al)- $*(^;^, t) ^{vo, x, t) . (4.9) 

On the other side substituting the relation (4.9) in the expression (2.3), integrating 
the result and using the expressions (4.4) and (4.7) results [remembering that we have: 
*(± oo) ^ 0][7]: 

dt dx 

liJtZdx^*^ + StZ '-^^^^ dx ^ ^ 

^ liltZdx^*^ + {2 7: alfl' (^* ^ ~ = ^ 

I /I ^ * = . (4.10) 

The relation (4.10) shows that the integration is time independent. Consequently: 
!t Z dx' ^*{vo, x', t) *(x', t) ^ !tZ dxo ^*{vo, Xo, 0) ^{xo, 0) . (4.11) 
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Multiplying the relation shown in eq.(4.11) by $(fo, x, t) and integrating over Vo and 
using the expression (4.8), we will obtain [remembering that ^ dx' f{x') 6{x'— x) = f{x)]: 

n^n^ dvo dx' ^Vo, X, t) ^*{vo, x', t) *(a;', t) = 
-!tZ!-Z dVo dxo ^Vo, X, t) ^*{vo, Xo, 0) 0) ^ 

n Z dx' C-^) Six' - x) ^{x', t) = (^) ^x, t) = 

^itZI-Z dvo dXo ^Vo, X, t) ^*{Vo, Xo, 0) ^{Xo, 0) ^ 



t) = 



oo 
oo 



^) It Z dVo ^Vo, X, t) X 



X ^*{vo, Xo, 0) -^{xo, 0) dXo . (4.12) 



Comparing the relations (4.6) and (4.12), we have: 

K{x, Xo, t) = jf^jtZ dvo Hvo, X, t) ^*{vo, Xo, 0) . (4.13) 

Substituting the relations (4.1) and (4.7) in the equation (4.13), we obtain the 
Feynman-de Broglie-Bohm Propagator for a semiclassical formulation of the Gross-Pitaeviskii 
equation that we were looking for, that is [remembering that $*(i;o, Xo, 0) = exp (— ^ ^° ^° )]: 

K{x, Xo; t) = ^ dvo x 



X exp 



( ^ - 4^ ) - + ^ [x - q{t)] 



X 



X exp 



ifodt'Wm q\t') - \ m uj\t') q\t') - - g p{x, t') 



(4.14) 



where q{t) and a{t) are solutions of the differential equations given by the (4.2-4). 

In conclusion, we observe that the equations (4.1) and (4.14) we show that when 
g — then we obtains, respectively, the equations (3.3.2.25) and (4.2.2.13) of the Reference 
[5], iia{t) = 2 a^{t), q{t) = X{t) and \ m uj'^{t) q^{t) = V[X{t)\. 
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